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ABSTRACT
The offset-continuation operation (OCO) is a seismic configu-
ration transform designed to simulate a seismic section, as if ob-
tained with a certain source-receiver offset using the data measured
with another offset. Based on this operation, we have introduced
the OCO stack, which is a multiparameter stacking technique that
transforms 2D/2.5D prestack multicoverage data into a stacked
common-offset (CO) section. Similarly to common-midpoint
and common-reflection-surface stacks, the OCO stack does not
rely on an a priori velocity model but provided velocity informa-
tion itself. Because OCO is dependent on the velocity model used
in the process, the method can be combined with trial-stacking
techniques for a set of models, thus allowing for the extraction
of velocity information. The algorithm consists of data stacking
along so-called OCO trajectories, which approximate the common-
reflection-point trajectory, i.e., the position of a reflection event in
the multicoverage data as a function of source-receiver offset in
dependence on the medium velocity and the local event slope.
These trajectories are the ray-theoretical solutions to the OCO
image-wave equation, which describes the continuous transforma-
tion of a CO reflection event from one offset to another. Stacking
along trial OCO trajectories for different values of average veloc-
ity and local event slope allows us to determine horizon-based
optimal parameter pairs and a final stacked section at arbitrary
offset. Synthetic examples demonstrate that the OCO stack works
as predicted, almost completely removing random noise added to
the data and successfully recovering the reflection events.
INTRODUCTION
By definition, the offset-continuation operation (OCO) is an oper-
ator that transforms common-offset (CO) seismic gathers from one
constant offset to another (Deregowski and Rocca, 1981). It is an
important tool for seismic data processing. Possible applications
of OCO include velocity analysis, common-reflection-point (CRP)
stacking, dip moveout (DMO), migration to zero offset (MZO), in-
terpolation of missing data, amplitude variation with offset studies,
and geometric-spreading correction (Bolondi et al., 1982, 1984; Sal-
vador and Savelli, 1982; Fomel, 1994a, 2003; Santos et al., 1997).
Because OCO is a configuration transform, its objective is to sim-
ulate a seismic section using as input the data measured with another
configuration. As discussed by Hubral et al. (1996a) and mathemati-
cally demonstrated by Tygel et al. (1996), any configuration trans-
form can be thought of as being composed of a migration and a
subsequent demigration after changing a configuration parameter.
Many types of configuration transforms can be used at different
stages of the seismic processing chain. Examples include DMO
(Hale, 1984; Black et al., 1993; Canning and Gardner, 1996; Col-
lins, 1997), MZO (Tygel et al., 1998; Bleistein et al., 1999), source-
continuation operation (Bagaini and Spagnolini, 1993, 1996), azi-
muth moveout (Biondi et al., 1998), and common-source DMO
(Schleicher and Bagaini, 2004). Configuration transforms have
been used for a multitude of purposes, such as data reconstruction
(Bagaini et al., 1994; Chemingui and Biondi, 2002; Stolt, 2002),
velocity analysis (da Silva, 2005; Coimbra et al., 2012), and reda-
tuming (Pila et al., 2014).
In this paper, we exploit the potential of OCO to improve on data
stacking in the time domain. For data of very low signal-to-noise
ratio (S/N) or acquisitions with very low fold, conventional
common-midpoint (CMP) processing might not provide stacked
sections of sufficient quality. In such situations, alternative process-
ing sequences are necessary to improve the data quality. In the past
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two decades, research has focused, among others, on the common-
reflection-surface (CRS) stack (Mann et al., 1999; Jäger et al., 2001;
Hertweck et al., 2007) or multifocusing (Gelchinsky, 1988; Gel-
chinsky et al., 1999). Particularly, Zhang et al. (2001) discuss
how to obtain stacked offset sections using the five-parameter
CO-CRS technique, and Baykulov and Gajewski (2009) show
how to use partial CRS stacks with a reduced parameter set for data
enhancement at offset. Most recently, da Silva et al. (2015) propose
a similar stacking procedure along trajectories determined from lo-
cal even slopes. The OCO stack developed in this work represents
another, alternative path for the improved stacking of reflection-
seismic data. Its key element is the construction of CO stacked sec-
tions together with coherency sections and sections of kinematic
and dynamic wavefield attributes.
As in the cases of CRS stack and multifocusing, the basic idea of
the OCO stack is to extend the stacking curve of a single-parameter
CMP stack to a whole surface to increase the fold and improve its fit
to the data that belong to (the vicinity of) a single reflection point in
depth. The stacking surface is composed of so-called OCO trajecto-
ries (Coimbra et al., 2012). Such an OCO trajectory requires only two
parameters (local event slope and stacking velocity) to approximately
describe the seismic reflection event in the multicoverage data.
Neighboring trajectories can either be located by event tracking in
the stacked section after a preliminary stack along individual trajec-
tories, or they can be described by a third curvature-related parameter.
Using these parameters, the method stacks the data along a predicted
traveltime curve that approximates the true CRP event. Because the
parameters, and thus the predicted traveltime curve, can be updated
from the data at each offset, the approximation is better than by those
methods that adjust the approximate traveltime expression using only
parameters estimated at some initial point.
METHOD
The OCO stack is a multiparameter stacking procedure similar
to its relatives, the CMP and CRS stacks and multifocusing
(Gelchinsky et al., 1999; Jäger et al., 2001; Zhang et al., 2001;
Hertweck et al., 2007; Fomel and Kazinnik, 2012). It automatically
determines stacking attributes based on a coherence measure
applied at every CO sample of the data. Because these attributes vary
along an event in time and space, the OCO-stacked section is free of
NMO stretch, similar to the CRS stack (Perroud and Tygel, 2004).
The other multiparameter stacking methods cited above are also
based on data stacks from multiple CMP locations. Their main ad-
vantage is that they considerably improve the S/N. These methods
have in common that they require the estimation of more data
parameters than the stacking velocity of conventional CMP process-
ing. For instance, the 2D zero-offset CRS method requires three
parameters and the 2D CO-CRS stack requires five of them. In con-
trast, the 2D OCO stack relies on two parameters only.
In this section, we derive the theoretical basis for the OCO stack.
It is based on the kinematic behavior of the OCO transformation as
described by the OCO image-wave equation (Hubral et al., 1996b).
Image wave for OCO
The OCO image-wave equation was derived through image-wave
theory from the kinematic behavior of the OCO transformation (Hu-
bral et al., 1996b). It is a second-order linear partial differential
equation that can be written as
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In equation 1, Uðξ; t; hÞ is the image wavefield, where ξ, h, and t
are the midpoint, half-offset, and time coordinates of the reflection
event under consideration, respectively. The velocity V is assumed
to be a constant average velocity. As for the NMO velocity, its value
refers to a single event and may vary as a function of midpoint (and
in the case of the OCO stack detailed below, even offset). We refer
to V as the OCO velocity and discuss its relationship to the NMO
velocity later on. The term Θ on the right side of equation 1
influences only the amplitude behavior of the OCO process. Be-
cause in this work, we are exclusively interested in the kinematic
properties of OCO, the particular form of this term is of no impor-
tance for the further development. It will drop out of the equations
in the next step.
Equation 1 describes the behavior of an artificial (nonphysical)
process of continuously transforming reflection seismic data
Uðξ; t; hÞ in the offset-midpoint time domain from one offset to an-
other. In effect, equation 1 describes a wavelike propagation in the
offset direction that Hubral et al. (1996b) term “image-wave propa-
gation.” In this case, it is the record of the seismic reflection events
that “propagates” as a function of half-offset h. In other words,
equation 1 belongs to the class of linear hyperbolic equations, with
the half-offset h acting as propagation variable (i.e., equivalent to
time in conventional wave propagation). Because it belongs to the
same class of equations as the wave equation, we can regard its
solution as a wavefield, satisfying equivalent conditions as those
applying for physical waves. A simpler equation describes offset
continuation after DMO correction (Fomel, 1994b; Hubral et al.,
1996b). For details, the reader is referred to the discussion in Hubral
et al. (1996b).
We use the OCO image-wave equation 1 to obtain the trajectory of
a single point under variation of the half-offset in dependence on the
average medium velocity V. Formally, we can think of the solution to
equation 1 as being approximated by an expression that is analogous
to the one used in ray theory, i.e., the leading term of a high-frequency
asymptotic (WKBJ-type) approximation for a reflected wave re-
corded in a seismic trace. This is an approximation of the form
Uðξ; t; hÞ ¼ Aðξ; tÞFðh −Hðξ; tÞÞ; (2)
where A stands for the amplitude, F is the wavelet shape of the lead-
ing high-frequency term, andH ¼ Hðξ; tÞ describes the image wave-
front for the OCO image wave. In other words, H can be called the
OCO eikonal. By substitution of approximation 2 in equation 1, we
obtain, to the leading order, the image-eikonal equation associated
with equation 1 as
tH
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(3)
Equation 3 kinematically describes the propagation of the OCO im-
age waves. It does not depend on the amplitude term Θ in equation 1.
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OCO trajectories
The solution of the OCO eikonal equation 3 leads to raylike tra-
jectories describing the position of a selected point P0 on a seismic
reflection event S0 in different CO sections, the so-called OCO tra-
jectories (Coimbra et al., 2012; see also Figure 1). In this section,
we develop an algebraic procedure to construct the OCO trajecto-
ries. It is based on manipulating the Huygens image wave for OCO
(Hubral et al., 1996b).
We begin our derivation with the Cauchy problem consisting of
the first-order differential equation 3 and initial condition
Hðξh0 ; th0ðξh0ÞÞ ¼ h0; (4)
where h0 denotes the initial half-offset, i.e., the one at which the
OCO-trajectory tracing starts and which will define the stacked sec-
tion to be constructed. Note that h0 can be any offset, not only zero
offset as in the CMP or zero-offset CRS methods.
Coimbra et al. (2012) use the method of characteristics to obtain
the analytical form for the OCO trajectories. This method consists
of transforming equation 3 into the following system of ordinary
differential equations:
dξ
dh
¼ −2λtHp;
dt
dh
¼ −λð4H2 − 8qtH þ t2V2Þ∕V2;
dp
dh
¼ −λ½tpð1 − p2Þ þ 4pqðtq − 2HÞ∕V2;
dq
dh
¼ −λ½ð4q2∕V2 − 1Þðtq −HÞ − p2ðtqþHÞ;
dH
dh
¼ λð−tHp2 þ 4q2tH∕V2 − tHÞ ≡ 1; (5)
where p ¼ ∂H∕∂ξ and q ¼ ∂H∕∂t. The last equation in system 5
relates the evolution parameter h to the freely selectable scale factor
λ. This factor defines how far we move along the trajectory upon a
unit variation of the evolution parameter. Because we want the mean-
ing of the evolution parameter to be half-offset, we have to define
dH∕dh ≡ 1. This identity also implies that h ¼ Hðξ; tÞ on the
OCO image wavefront, i.e., on the seismic reflection event in the
CO section for h. This requirement defines the scale factor as
λ ¼ ð−tHp2 þ 4q2tH∕V2 − tHÞ−1: (6)
System 5 is called the characteristic system of differential equa-
tions of equation 3. All variables involved are parameterized as
functions of h; i.e., ξ ¼ ξðhÞ, t ¼ tðhÞ, p ¼ pðhÞ, q ¼ qðhÞ, and
H ¼ HðhÞ. The solutions (ξðhÞ; tðhÞ) of system 5 describe the
OCO trajectory associated with an initial point P0 ¼ ðξh0 ; th0Þ in
the CO section with half-offset h0 (see Figure 1). In other words,
(ξðhÞ; tðhÞ) are the coordinates, where the image of P0 will be found
in any other CO section with any other half-offset h.
Such an OCO trajectory thus exists for any point P0 in the CO
section at h0. We must now specify the initial conditions to the prob-
lem that allow us to select points on an actual, possibly unknown,
reflection event. For this purpose, we recall that according to the
general theory of partial differential equations of the first order
(Courant and Hilbert, 1989), we obtain the general manifold of sol-
utions to partial differential equation 3 with the initial value defined
in equation 4 by the following procedure. The traveltime surface in
the offset-midpoint-time space is a manifold SHðt; ξ; HÞ ¼ 0 (see
again Figure 1). At h ¼ h0, the manifold coincides with the reflec-
tion event S0 ¼ SHðtðh0Þ; ξðh0Þ; h0Þ ¼ 0. This manifold can alter-
natively be described by the parameter ξh0 ¼ ξðh0Þ, where
∂ξ
∂ξh0

2
þ

∂t
∂ξh0

2
≠ 0 (7)
must be satisfied to guarantee the existence of the OCO trajectories.
Condition 7 means that a single point on an OCO trajectory must
not stay fixed when changing the coordinates of the trajectory’s
initial position. Hence, we define S0 as the traveltime curve in a
CO section, i.e., as the manifold SH projected on the ξ × t CO plane
with h ¼ h0 and rewrite H, t, and ξ as functions of the param-
eter ξh0.
We now seek an integral surface Hðξ; tÞ, which passes through
S0, that is, a solution to equation 3, for which Hðξh0Þ ¼
Hðξðξh0Þ; tðξh0ÞÞ ¼ h0 holds identically for all ξh0 . The curve S0
is called the initial curve of the problem, and Hðξh0Þ is called
the initial data.
This leads to a family of characteristic curves
t ¼ tðξh0 ; hÞ; (8)
ξ ¼ ξðξh0 ; hÞ; (9)
H ¼ Hðξh0 ; hÞ; (10)
which depend on ξh0 and h as parameters. Fixing h ¼ h0 and vary-
ing ξh0 , we obtain the curve S0. On the other hand, fixing ξh0 and
varying h, we obtain the OCO trajectories for the selected event.
Figure 1. Sketch representing a traveltime surface and an OCO tra-
jectory starting at a point P0 on the traveltime curve S0 in the initial
CO section with half-offset h0.
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Complete solution
The initial value problem composed by equations 3 and 4 can be
solved analytically. Actually, Santos et al. (1997) demonstrate that
for one fixed ξh0 , all possible OCO trajectories must satisfy
t2¼ tðξ;h;ξh0 ;th0 ;h0Þ2¼
4h2
V2
þ4h
2ðt2h0−4h20∕V2Þ
uðh;h0;ξ;ξh0Þ2
; (11)
with
uðh; h0; ξ; ξh0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ h0Þ2 − ðξ − ξh0Þ2
q
þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh − h0Þ2 − ðξ − ξh0Þ2
q
; (12)
where s ¼ sgnðh2 − h20Þ. Equation 11 is also known as the OCO
Huygens-image curve. In analogy to physical wave phenomena,
it describes the position with varying h of a (hypothetical) image
wave “excited” at an elementary “point source” at a position P0
with coordinates (ξh0 ; th0 ) (Hubral et al., 1996b). In other words,
this equation tells us where an event observed at P0 in the CO sec-
tion for h0 can possibly be found in any other CO section. Math-
ematically, equation 11 represents a complete integral of the
problem consisting of equations 3 and 4, which depends on the
parameters ξ, h, ξh0 , th0 , and h0, but does not depend on the actual
position of the event through P0 in the original CO section.
However, the actual path of a single OCO trajectory depends on
the event slope at its initial point P0. To describe this dependence,
we parameterize th0 ¼ th0ðξh0Þ and consider ξh0 as a function of ξ,
h, and h0. The envelope of all OCO Huygens image curves for all
points on S0 describes the manifold SH at half-offset h. It is con-
structed by taking the derivative of t in equation 11 with respect to
ξh0 and setting it to zero. Under consideration of the identity
dt
dξh0
¼ ∂t
∂ξh0
þ ∂t
∂th0
dth0
dξh0
¼ 0; (13)
this yields after several algebraic transformations (see Appendix A)
ξ− ξh0 ¼
2ϒh0ðh2 − h20Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϒ2h0Γ
2 þ 2t4n0 þ 2
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(14)
where tn0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2h0 − 4h
2
0∕V2
q
is the OCO-velocity-corrected travel-
time at the initial half-offset h0, Γ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ h20
p
, and Υh0 ¼ th0ϕh0 ,
with
ϕh0 ¼
dth0
dξh0
(15)
denoting the local slope of the reflection event S0 at P0 in the CO
section for h0.
Together, equations 11 and 14 constitute a parametric form of the
manifold SH . For a fixed ξh0 , these equations thus describe the OCO
trajectory from P0 in the initial CO section at h0 to any other CO at
h. In other words, equations 11 and 14 represent the position of
events that are reflected at the same point in depth (if the medium
was exactly described by the OCO velocity V); i.e., the OCO tra-
jectory belongs to a CRP. Using the formulas above, we can trace an
OCO trajectory starting at any point on a reflection event in any
arbitrary CO section, requiring nothing else but the information
about the average velocity V and local event slope ϕh0 at that point.
Continuation to or from zero offset
Note that all previous formulas are valid irrespectively of whether
the final half-offset h of an OCO trajectory is larger or smaller than
the initial half-offset h0. In this section, we consider two special
cases for OCO trajectories in opposite directions. If the OCO tra-
jectory starts or ends at zero offset, formulas 11 and 14 simplify
considerably. The next two subsections consider these situations.
Migration to zero offset
For a MZO, we need the OCO trajectory to start at some initial
half-offset h0 ≠ 0 and end at the final half-offset h ¼ 0. This re-
duces the set of equations 11 and 14 to
t20 ¼ tðξ0; ξh0 ; th0 ; h0Þ2 ¼ t2n0

1 −
ðξ0 − ξh0Þ2
h20

; (16)
ξ0 − ξh0 ¼
−2ϕh0h
2
0th0
t2n0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t4n0 þ 4t2h0ϕ2h0h20
q ; (17)
where ξ0 denotes the values of ξh at h ¼ 0.
OCO starting at zero offset
For the transformation from zero to finite offset, we need the
OCO trajectory to start at the initial half-offset h0 ¼ 0 and end
at the final half-offset h ≠ 0. This reduces the set of equations 11
and 14 to
t2 ¼ tðξ; h; ξ0Þ2 ¼
4h2
V2
þ t0ðξ0Þ
2h2
h2 − ðξ − ξ0Þ2
; (18)
and
ξ − ξ0 ¼
2ϕ0h2
t0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ 4ϕ20h2
p ; (19)
where ξ0, t0, and ϕ0 denote the values of ξh0 , th0 , and ϕh0 at h0 ¼ 0.
Equation 19 was previously derived by Perroud et al. (1999). Höcht
et al. (1999) simplify it using a zero-order approximation for t0.
In this work, we keep t0 to retain a second-order approximation
at all steps.
Substitution of equation 19 in expression 18 yields
t2 ¼ 4h
2
V2
þ t0
2

t0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ 4ϕ20h2
q 
; (20)
which describes the OCO trajectory as a function of h.
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Event-slope continuation
Because equation pairs 16–17 and 18–19 describe the very same
OCO trajectory in opposite directions, we can equate the midpoint
dislocations of equations 17 and 19, resulting in the relationship
between the event slopes in the ZO and CO sections given by
ϕ0 ¼ ϕh

t0t
t2n

; (21)
where tn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − 4h2∕V2
p
is the OCO-velocity-corrected travel-
time at half-offset h. Equating ϕ0 from two different half-offsets
h and h0 allows us to find the direct relationship between the event
slopes at the OCO trajectory in the two CO sections at h and h0 as
ϕh ¼ ϕh0

t2nth0
t2n0 t

: (22)
This equation is a key formula in the further development of the
OCO stack. Other useful relationships between the event slopes,
i.e., traveltime derivatives, in different directions are given in Ap-
pendix B.
OCO and NMO velocities
Let us now briefly discuss the relationship between the OCO and
NMO velocities. For the case of h0 ¼ 0 in a homogeneous medium,
differentiation of equation B-5 with respect to h yields
∂2t
∂h2
¼ ∂ψξ
∂h
¼ 2tð4 − ϕ
2
hV
2Þ
V2t2 þ 4h2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16h4 þ 4h2t2V2ðϕ2hV2 − 2Þ þ t4V4
p
þOðhÞ: (23)
The second traveltime derivative in the CMP section at h ¼ 0 is
closely related to the NMO velocity vn. Because vn defines the hy-
perbolic traveltime approximation t2 ¼ t20 þ 4h2∕v2n, it is given by
v2n ¼
4
t0
∂2t
∂h2
: (24)
Thus, expression 23 taken at h ¼ 0 and multiplied by t0 yields
t0
∂2t
∂h2

h¼0
¼ 4
V2
− ϕ20 ≡
4
v2n
; (25)
or
4
V2
¼ 4
v2n
þ ϕ20: (26)
Although this expression may be hard to interpret in the general
case, it is instructive to note that for a stack of dipping layers with
dip angle β0, we have vn ¼ vrms∕ cos β0 and ϕ0 ¼ 2 sin β0∕vrms,
which yields
V ¼ vrms: (27)
Note that this identity between the OCO velocity V and the root-
mean-square (rms) velocity vrms is true for an OCO trajectory start-
ing at zero offset. For OCO trajectories traced from another initial
offset, V will deviate from the rms velocity. In other words, OCO
trajectories starting at different offsets are described by offset-de-
pendent average velocities.
THE OCO STACK
The idea of the OCO stack is to construct an approximate trav-
eltime surface using the set of equations 11, 14, and 22. The first
and foremost advantage of such a surface is that it uses only two
traveltime attributes. These are the local event slope and the OCO
velocity at the central point. Figure 2 compares an OCO trajectory
(red lines) with the true reflection-traveltime surface (blue surfaces)
for a dipping reflector below a constant-velocity layer and to differ-
ent approximate traveltime curves and surfaces (green lines and sur-
faces). Figure 2a shows the deviation between the OCO trajectory
and the CMP traveltime. Note that although the CMP traveltime
curve provides a reasonable approximation to the true traveltimes,
it strongly deviates from the OCO trajectory, indicating that reflec-
tions at different reflector points are involved. Figure 2b shows that
the CRS stacking surface (which includes the CMP traveltime) pro-
vides an extension of the well-approximated part of the traveltime
surface. However, the OCO trajectory leaves the center of the CRS
stacking surface early on and, depending on the CRS aperture, may
even leave the surface completely. Figure 2c demonstrates that the
nonhyperbolic CRS stacking surface of Fomel and Kazinnik (2012)
improves on the traveltime approximation, but may still miss the
OCO trajectory at larger offsets. Finally, Figure 2d demonstrates
the advantage of the OCO stacking surface. Being composed exclu-
sively of OCO trajectories, this surface includes the OCO trajectory
of the central point at all offsets. In other words, the OCO stacking
surface can be understood as a corrected CRS stacking surface cen-
tered at the OCO trajectory instead of a single CMP. In this way,
OCO stacking dispenses with a DMO correction.
Construction of the OCO stacking surface
A first idea to use OCO trajectories for a stacking procedure
might be to simply stack along single trial OCO trajectories starting
at each central point P0 with coordinates (ξh0 ; th0 ; h0) for each pos-
sible combination of values for V and ϕh0 . However, although this
procedure would improve the data fit over a CMP stack, it would
not increase the fold of the stack in the way CRS stack and multi-
focusing do.
Locally tangent stacking surface
Because we already need the slope ϕh0 to trace an OCO trajec-
tory, we therefore expand the trajectory to incorporate information
about the time dip in the midpoint direction at all points along the
trial trajectories. To do so, the coherence is evaluated in the dip di-
rection in a small window of neighboring traces (five traces in our
implementation) around the trajectory. The slope parameter ϕh0 de-
fines the direction of this window at h0. It is then corrected at each
half-offset h to ϕh by means of equation 22. In this way, each
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parameter pair ðV;ϕh0Þ defines a stacking surface through the data
volume. The particular pair that provides the maximum coherence
along the trial surface defines the OCO stacking surface for P0. Be-
cause this parameter pair also defines the OCO trajectory for P0
itself, we can construct an approximate CRP section once we know
all pairs for all values of th0 at a fixed midpoint ξh0 .
We illustrate the procedure by means of a simple one-reflector
model (see Figure 3). For this purpose, we Kirchhoff modeled multi-
fold seismic data and added white noise with a S/N of two with re-
spect to the strongest reflection. Figure 4a depicts the noise free
reference CO section for h0 ¼ 100 m and Figure 4b represents
the corresponding noisy section. For each point in the stacked section
to be constructed (we chose the reference CO section of Figure 4a),
the procedure consists of stacking the noisy data along the OCO
stacking surface constructed as described above. The maximum sem-
blance (Figure 4e) along all trial surfaces determines the parameter
pair of traveltime slope (Figure 4c) and OCO velocity (Figure 4d) that
defines the best-fitting OCO stacking surface through the multicover-
age data. The result of the stack along these trajectories is a noise-
attenuated stacked CO section (Figure 4f) corresponding to the refer-
ence section (which need not exist among the acquired data).
Curved stacking surface
In an alternative procedure, we can extend the OCO trajectory to
approximate a curved traveltime surface. To achieve this, there are
in principle two possibilities. The first, most intuitive one is to join
OCO trajectories for neighboring points on the same event. How-
ever, this would require event tracking in the semblance section,
which may be difficult to achieve for events with strongly varying
amplitudes or noisy data. On the other hand, if handled correctly,
this procedure has the potential to correctly treat conflicting dips
because missing a single trajectory within the stacking surface, even
at the central point, is of reduced importance.
In this paper, we chose another approach. It consists of approxi-
mating the event in the initial CO section in the vicinity of the cen-
tral point P0. We have tested the approximation by means of a
Taylor expansion up to second order, which makes the method more
comparable with the CRS stack. However, any other type of
approximation (e.g., a Padé approximation) could also be used.
The second-order Taylor approximation of the squared CO trav-
eltime in the vicinity of P0 reads
0
1000
2000
3000
4000
0
1000
2000
3000
4000
5000
0
2000
4000
6000
a) b)
c) d)
Half-offset (m)
OCO Trajectory and NMO
Midpoint (m)
Ti
m
e 
(m
s)
0
1000
2000
3000
4000
0
1000
2000
3000
4000
5000
0
2000
4000
6000
Half-offset (m)
OCO Trajectory and CRS
Midpoint (m)
Ti
m
e 
(m
s)
0
1000
2000
3000
4000
0
1000
2000
3000
4000
5000
0
2000
4000
6000
Half-offset (m)
OCO Trajectory and Nonhyperbolic CRS
Midpoint (m)
Ti
m
e 
(m
s)
0
1000
2000
3000
4000
0
1000
2000
3000
4000
5000
0
2000
4000
6000
Half-offset (m)
OCO Trajectory and OCSO
Midpoint (m)
Ti
m
e 
(m
s)
Figure 2. Traveltime comparisons: the red line shows the location of an OCO trajectory for a dipping reflector below a constant-velocity layer
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TðΔξh0 ;P0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðth0 þ ϕh0Δξh0Þ2 þ th0Kh0Δξ2h0
q
; (28)
where
Kh0 ¼
∂2t
∂ξ2

h¼h0
(29)
denotes a measure of the local event curvature at the central point P0
in the CO section for h0. In this way, the Taylor approximation in-
volves the search for a third parameter, the event curvature Kh0 in
the CO section. The simplest procedure is to start with the two-
parameter search for V and ϕh0 as described above and search
for the third parameter as a second step in an additional one-param-
eter search, possibly with a subsequent global three-parameter op-
timization to improve the complete parameter set.
Once Kh0 is known, the OCO stacking surface can be obtained
from predicting the slope of the event in the vicinity of P0 using the
traveltime approximation 28. The derivative of T with respect to
Δξh0 yields the approximate slope in the vicinity of P0 as a function
of Kh0 , namely,
ΦðΔξh0 ;P0Þ ¼
∂T
∂Δξh0
¼ ðth0 þϕh0Δξh0Þϕh0 þ th0Kh0Δξh0
T
:
(30)
The OCO trajectories for the neighboring
points to P0 can then be traced using these
approximate slope values. Note that in this pro-
cedure, the results depend on the quality of the
attributes determined in the first step.
A note on the number of parameters
At this point, it is useful to reflect on the num-
ber of parameters used to construct the OCO
stacking surface. We note that when adjusting
a curved surface, the number of parameters,
three, is identical to the number used in the
zero-offset CRS stack. This is the number of
parameters required by the physics of the pro-
cedure. It is smaller than the number of param-
eters required in a general second-order Taylor
expansion with respect to two coordinates, which
is five. The reason for this reduction is the phys-
ics of wave propagation, which requires the trav-
eltime function in a CMP section to be an even
function of offset. At nonzero offset, the travel-
time function is no longer symmetric around the
central offset. Therefore, CO-CRS uses a full-
Taylor expansion with five parameters.
The OCO trajectory brings back the physics of
wave propagation into the approximation of the
traveltime surface at nonzero offset. Therefore, it
allows us to describe this surface close to the
OCO trajectory with three parameters, such as
in the zero-offset case. Further reduction to
two parameters is achieved by dropping the cur-
vature parameter in the midpoint direction. This parameter corre-
sponds to the N-wave curvature in the CRS stack which, being
the least sensitive to the data, also has been tentatively dropped
in some implementations of CRS processing, in this way implicitly
assuming plane waves emerging at the surface.
A previous indication that even at nonzero offset, the traveltime
surface can be described by three parameters only is the data-en-
hancement procedure of Baykulov and Gajewski (2009). They
use the zero-offset CRS parameters to locally (unphysically)
approximate the traveltime surface at nonzero offset for the purpose
of local partial stacks.
RESULTS AND DISCUSSION
To test the OCO-stacking technique as described above, we have
applied it to two synthetic data sets. The first is a multicoverage data
set from a simple constant-velocity model and the second one is the
Marmousi data set.
Constant-velocity model
Velocity analysis
To test the velocity analysis using an OCO stack, we used the
model of Figure 3, consisting of two constant-velocity layers with
velocities 1.7 and 1.9 km∕s, separated by a reflector with two linear
and a synclinal segment, including an edge that causes a diffraction
event. We modeled multicoverage data with 25 offsets from
Midpoint (km)
Ti
m
e 
(s)
 
 
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
2
Midpoint (km)
Ti
m
e 
(s)
 
 
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
2
Midpoint (km)
Ti
m
e 
(s)
 
 
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
2
−1
−0.5
0
0.5
1
Midpoint (km)
Ti
m
e 
(s)
 
 
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
2 1.5
1.6
1.7
1.8
1.9
2
Midpoint (km)
Ti
m
e 
(s)
 
 
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
2 0
0.2
0.4
0.6
0.8
1
Midpoint (km)
Ti
m
e 
(s)
 
 
0.5 1 1.5 2 2.5 3
0
0.5
1
1.5
2
a) b)
c) d)
e) f)
Figure 4. (a) Reference CO section, (b) noisy reference CO section (S∕N ¼ 2), (c) trav-
eltime slope in s∕km, (d) OCO velocity panel in km∕s, (e) semblance along OCO tra-
jectory, and (f) stacked CO section.
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h ¼ 100 to 580 m using 2.5D Kirchhoff model-
ing. For the first velocity-analysis test, we added
white noise with a S/N of 10 to these data and
then applied the OCO stack starting at zero off-
set. Note that for this simple numerical experi-
ment, we stacked only along the enlarged
OCO trajectories, not along complete OCO
stacking surfaces composed of multiple trajec-
tories.
Figure 5 compares the conventional NMO
velocity spectrum (no DMO correction) with
the resulting OCO velocity spectrum at CMP position 1320 m.
At this position, there are four events with different dips in the
zero-offset section (one reflection from the linear segment and
two from the synclinal part of the reflector, as well as the diffraction
event). Their different dips cause the peaks in the CMP velocity
spectrum (Figure 5a) to be positioned at different velocities. We
see that the OCO stack gets the velocity right for all four events
(Figure 5b). This is a consequence of the fact that OCO stack does
not need DMO processing. Moreover, the OCO velocity panel not
only exhibits a better S/N, but it also provides better focused peaks
that allow for a more reliable velocity extraction.
Slope information
In addition to its better properties for velocity extraction, the
OCO stack provides additional information on the slope of the re-
flection event in the stacked section (Figure 6). In other words be-
cause it uses information at neighboring offsets to determine the
local event slope at h0, it is a robust tool to extract slopes from pre-
stack data. It is clearly visible that the top reflector has a positive
slope and the bottom reflector has a negative slope. This informa-
tion cannot be extracted from the NMO velocities because any slope
always shifts the NMO velocities to higher velocities by a factor of
1∕ cos θ, where θ is the dip angle. Such a slope spectrum can be
obtained for any half-offset (independently of whether the respec-
tive section is available in the acquired data or not). In other words,
slope information can be extracted for all offsets of interest. This
can be valuable information for slope-based
methods, such as stereotomography (Billette
and Lambaré, 1998; Billette et al., 2003) or par-
simonious migration (Hua and McMechan,
2001, 2003) and migration velocity analysis
(Lambaré et al., 2008).
Marmousi data
For a more realistic example, we applied the
OCO stack to the Marmousi data. The 2D syn-
thetic Marmousi model was developed by Institut
Français du Pétrole, based on a fault profile at
north Quenguela in the Kwanza Basin in Angola
(Versteeg, 1993). We chose this model for its
rather complex geology in the center part (see
Figure 7) to test the limits of our method that
is based on the assumption of a locally constant
average velocity. The velocities in the model
range from water velocity (1.5 km∕s) to a maxi-
mum wave speed of 5.5 km∕s.
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tically exaggerated by a factor of 2.5.
Velocity (km/s)
Ti
m
e 
(s)
 
 
1.5 2 2.5
0
0.5
1
1.5
2 0
0.2
0.4
0.6
0.8
1
Velocity (km/s)
Ti
m
e 
(s)
 
 
1.5 2 2.5
0
0.5
1
1.5
2 0
0.2
0.4
0.6
0.8
1a) b)
Figure 5. Velocity semblance spectrum at CMP 1320 m for (a) conventional CMP
velocity analysis and (b) OCO velocity analysis.
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Figure 8. Shortest-offset section of Marmousi data, h ¼ 100 m. (a) Original data,
(b) noise-contaminated data, and (c) OCO-stacked data. For comparison, (d) zero-offset
CRS-stacked section.
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OCO stack at smallest offset
The synthetic seismic data set is rather small, consisting of 240
shots with 96 receivers each. The initial half-offset is h ¼ 100 m, with
sources and receivers spaced at 25 m. The first source position is at
3000 m and the last at 8975 m. Recording time is 2.9 s with a sampling
of 4 ms. Figure 8a depicts the shortest-offset section from the data set.
For the analysis, we added white Gaussian noise at 30% of the
maximum amplitude to the data. The so-contaminated shortest-off-
set section is shown in Figure 8b. Note that only the strongest re-
flections are visible in the noisy section.
To these noisy multicoverage data, we applied the OCO stack to
construct a stacked section at half-offset h ¼ 100 m. The OCO tra-
jectories used for this purpose extend from this initial half-offset to a
maximum half-offset of h ¼ 600 m. For the semblance calcula-
tions, we used a 11-sample (40 ms) time window and three traces
(75 m) to each side of the OCO trajectory in the dip direction. For
the search, we allowed velocities between 1.5 and 3.0 km∕s and
event slopes between −1∕1.5 and 1∕1.5 s∕km. Figure 8c shows
the result of the OCO stack. We recognize that the OCO stack re-
moved the random noise almost completely. All important reflec-
tion events are nicely recovered. As a drawback, our present
implementation considers only the semblance maximum at each
point. Therefore, conflicting dips are not taken into account in
the stacked section. Several ideas on how to improve conflict-
ing-dip processing have been presented in recent years for CRS
stacking (Mann et al., 2000; Mann, 2001; Hoecht et al., 2009; Aoki
et al., 2010; Wang et al., 2011; Klokov and Fomel, 2012), and can
be adapted for use in the OCO stack. For comparison, Figure 8d
presents the result of a zero-offset CRS stack with an aperture of
1 km in the half-offset and 400 m in the midpoint direction. We
see that with only two stacking parameters, the OCO stack has pro-
duced a comparable result.
For a more detailed analysis of the quality of the stacked trace,
Figure 9 shows a trace-to-trace comparison of the original noise-
free Marmousi data trace (blue line), the noisy
trace (dashed-dotted black line), and the OCO-
stacked trace (dashed red line) at two midpoint
positions.
We see that the original traces have been se-
verely distorted by the addition of random noise,
but the OCO stack has recovered most of the in-
formation. The missing event at approximately
250 ms in Figure 9b is an example of a problem
with conflicting dips.
OCO parameters
The OCO stack provides the values of two
stacking parameters at each point in the stacked section. These are
determined by maximizing the semblance along trial OCO trajecto-
ries for sets of parameters, giving rise to parameter spectra. Figure 10
compares such an OCO velocity spectrum at midpoint 3625 m with
the corresponding one obtained by a conventional NMO velocity
analysis. We see that the resulting OCO velocities (Figure 10a)
are slightly shifted to lower velocities in comparison with the
NMO velocities (Figure 10b), accounting for the dips at the chosen
central point. Moreover because of the higher number of stacked
traces, the S/N in the OCO velocity spectrum is visibly higher than
in the NMO velocity spectrum. Finally, as in the previous example,
the OCO velocity peaks are again better focused than those of the
NMO velocities, allowing for more reliable velocity picks.
In addition to the velocity information, the OCO stack also pro-
vides information about the event slope at the central point in the
stacked section (Figure 11). The semblance maxima indicate events
with predominantly negative slope, with the latest arrival presenting
the smallest slope. These values are in accordance with the data
slopes at this midpoint (see the data in Figure 8).
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Figure 10. Velocity semblance spectrum at CMP 3625 m from (a) OCO stack and
(b) conventional CMP stack.
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Figure 11. Slope semblance spectrum as estimated from OCO stack
at midpoint 3625 m.
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Figure 12 shows the complete OCO velocity
and slope sections, i.e., the parameter pairs that
gave rise to the highest semblance values along
the corresponding OCO trajectories. We note the
smooth variation of the OCO velocity (Figure 12a)
in the sedimentary regions at the sides of the
model and the rather strong oscillations in the
center part with complex geology. The obtained
velocity values are consistent with the Marmousi
model (see Figure 7). Although the slope section
(Figure 12c) overall shows less fluctuations, the
general behavior is similar, exhibiting smooth
variation at the sides and stronger oscillations in
the central part. Overall, the CRS slopes exhibit
a somewhat smoother behavior than the OCO
slopes. Again, the slope values are consistent with
the data slopes (see Figure 8).
For comparison, Figure 12b and 12d shows
the corresponding quantities extracted by a
zero-offset CRS. Because the OCO parameters
were determined for a rather small offset of
h ¼ 100 m, we can expect comparable behavior
of the zero-offset CRS parameters. Indeed, we see that the general
aspect of the velocities and slopes extracted by the two methods is
rather similar. Most differences are local and can be attributed to
different conflicting-dip treatment.
To evaluate the quality of the extracted OCO slopes, we can use
them for a comparison with slopes extracted by picking an event in
the noise-free original data. For this purpose, we chose a strong
event in the CMP section at 3625 m. At the picked event, we used
equation B-5 to convert the OCO slopes into CMP slopes. Figure 13
compares the so-converted OCO slopes (blue line) with the numeri-
cal derivative of the picked traveltime curve (red line). The extracted
OCO slopes provide reliable slope estimates. At the farthest offsets,
the bad picks due to the lower event amplitudes affect the picked
slopes stronger than the OCO slopes.
OCO-corrected CRP gathers
The knowledge of all OCO trajectories at a certain midpoint al-
lows us to construct CRP gathers rather than CMP gathers. Figure 14
shows such CRP gathers at two midpoints, constructed with the
help of the OCO parameters of Figure 12. In other words, the
CRP gathers in Figure 14 compile the data found in the data volume
along the OCO trajectories defined by the OCO parameters attrib-
uted to these midpoints. The stack of these gathers up to offset 2h ¼
1200 m gives rise to the OCO-stacked traces in Figure 9. We see
that the gathers are well-flattened, indicating the
good quality of the extracted OCO parameters at
these positions. Note that, differently from CMP
gathers, these CRP gathers do not suffer from
wavelet stretch. Thus, a mute is only required
to eliminate the postcritical reflections at long
offsets.
Multioffset CRP gather
In the central region of the Marmousi model,
the velocities are too strongly varying to be rep-
resented by a single average velocity over a large
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Figure 12. Extracted stacking parameters from OCO stack associated with the half-off-
set h ¼ 100 m and comparison with corresponding CRS parameters. (a) OCO velocity
in km∕s, (b) CRS stacking velocity in km∕s, (c) local OCO slope in s∕km, and (d) CRS
slope in s∕km at zero offset.
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Figure 14. The OCO-corrected CRP sections starting at half-offset h ¼ 100 m at two
different midpoints. (a) 3675 and (b) 7875 m.
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range of offsets. This means that a CMP gather or an OCO gather
for a single set of OCO parameters cannot be satisfactorily flattened.
However because an OCO trajectory can be traced starting at any
arbitrary offset, it is still possible to construct a well-flattened CRP
gather by updating the OCO parameters along the trajectory. To
guarantee smoothness of the composed OCO trajectory, we need
to ensure that the updating interval is chosen sufficiently small
for the OCO trajectory starting at the previous point still to represent
a valid approximation at the next one.
Figure 15 shows such a multioffset CRP gather at a midpoint in
the central model region together with the corresponding offset-de-
pendent OCO parameters. To construct this gather, we updated the
OCO parameters at every 100 m half-offset. In this way, we correct
the OCO trajectories to remain close to the reflection event. We see
in Figure 15a that this procedure leads to a well-flattened CRP
gather. Of course, the cost to construct such a multioffset CRP
gather is that of an OCO stack at each intermediate offset where
the parameters are updated; i.e., creating the CRP gather in Fig-
ure 15a was 10 times as expensive as the ones in Figure 14.
Figure 15b and 15c exhibits the corresponding OCO velocities
and event slopes along the so-constructed multioffset OCO trajec-
tories. These panels show how the OCO parameters change along
the CRP trajectories at a specific midpoint, demonstrating that dif-
ferent ranges of offsets are described by different average velocities.
It is conceivable that this kind of information could be useful in
tomographic methods.
Coherence panel
Each OCO-stacked section comes with its associated coherence
panel. For instance, Figure 16 shows the coherence panel associated
with the stacked section of Figure 8c. It shows the semblance cal-
culated along each OCO trajectory (determined by a fixed pair of
parameters). Thus, high-semblance values demonstrate the good fit
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Figure 15. (a) Multioffset CRP gather at midpoint 5375 m. This
gather was constructed starting the OCO trajectories over again
at every 100 m half-offset. (b) Resulting OCO velocity in km∕s
as a function of offset. (c) Corresponding event slope in s∕km.
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Figure 16. Coherence panel (semblance) calculated along the OCO
trajectories for the OCO-stacked section of Figure 8c.
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Figure 17. The CO section for half-offset h ¼ 467.5 m. (a) Original
data, (b) data corrupted with 20% Gaussian noise, and (c) OCO-
stacked section.
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of the OCO trajectories to the data. Lower values indicate that a
single pair of parameters was insufficient to obtain a good data
fit over the whole range of offsets. This may be due to missing co-
herent energy in the data in the first place, or else to strongly varying
velocities that do not allow for a single-parameter-pair description
of the OCO trajectory. Either way, low coherence values mean that
the OCO parameters at this position in the stacked section do not
describe a valid data event and should not be interpreted in any way.
OCO stack at a larger offset
To illustrate the OCO stack’s capacity of constructing stacked
sections for any arbitrary offset, we repeated the process for a
source-receiver offset of 925 m. Figure 17 shows the original
CO section, the noise-contaminated one, and the OCO-stacked sec-
tion. The parameters controlling the OCO stack are the same as for
the previous example. Note that a 2D CO-CRS would require five
parameters to construct a corresponding stacked CO section.
As in the case of the shorter offset, the general features of the
OCO-stacked section (Figure 17c) nicely recover those of the origi-
nal data (Figure 17a). A trace-to-trace comparison at two midpoints
(Figure 18) reveals that, as for the shorter offset, the OCO stack has
recovered most of the information contained in the original traces.
The associated OCO parameters are shown in Figure 19. The
overall behavior of the OCO parameters at this larger offset is very
similar to the one at the shorter offset (Figure 12).
Even the coherence panel in Figure 20, associated with the OCO-
stacked section of Figure 17c, is quite similar to the short-offset
coherence of Figure 16. In the sedimentary part of the model,
the events are obviously very well-described by a single pair of
OCO parameters, independently of the offsets the OCO trajectories
start at. In the center region of the model, however, a single-pair
description is invalid.
CONCLUSIONS
We have developed a new method for stacking data into zero or
common-offset sections. The method uses the tracing of OCO tra-
jectories. These trajectories describe the position of a selected point
on a seismic reflection event as a function of off-
set. Neighboring OCO trajectories form a stack-
ing surface along which the data can be summed
up. In this way, stacked CO sections can be con-
structed for any arbitrary offset. An OCO trajec-
tory is described by two parameters only, being
an average velocity that is an approximation to
the rms velocity, and the local event slope in
the final stacked section. Using the slope param-
eter, the trajectory can be laterally extended to in-
clude neighboring traces in the stack. In our
numerical experiments, the two-parametric stack
along these extended OCO trajectories has been
sufficient to produce high-quality stacked sections.
For very low-fold data, a more extended OCO stacking surface
might be useful. To construct such a surface, one can use an addi-
tional curvature-dependent parameter to avoid event tracking in the
stacked section. This procedure is still advantageous over an offset
CRS stack, which needs at least five parameters to describe the
stacking surface.
To prove the OCO-stack concept, we have tested the method on
two synthetic examples for a simple constant-velocity model and
the Marmousi data. These tests have demonstrated that the method
works as expected on synthetic data. Further tests are required to
evaluate its reliability for real data, particularly in the presence
of colored or coherent noise.
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Figure 18. Trace comparison of original noise-free Marmousi data
trace (blue line), noisy trace (dash-dotted black line), and OCO-
stacked trace (dashed red line) for h ¼ 467.5 m at two different
midpoints. (a) 3875 and (b) 7875 m.
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Figure 20. Coherence panel (semblance) calculated along the OCO
trajectories for the OCO-stacked section of Figure 17c.
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Figure 19. Extracted stacking parameters from OCO stack associated with the half-off-
set h ¼ 467.5 m. (a) OCO velocity in km∕s and (b) local slope in s∕km.
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The OCO stack yields, apart from the CO-stacked section, a set of
two parameters for each data point. The first parameter is the OCO
velocity, a direct approximation to the rms velocity that, unlike the
NMO velocity, does not depend on the reflector dip. In our synthetic
tests, the resulting OCO velocity spectra were more focused than
conventional CMP spectra, allowing for more reliable velocity
picks. As its second parameter, the OCO stack provides a section
of local event slopes. This can be valuable information for slope-
based methods, such as stereotomography or parsimonious migra-
tion. Both parameters can be updated as a function of offset, if re-
quired. An improved treatment of conflicting dips is the subject of
ongoing research.
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APPENDIX A
DERIVATION OF EQUATION 14
In this appendix, we derive equation 14 from the envelope con-
dition 13 applied to equation 11. The partial derivative of equa-
tion 11 with respect to th0 yields
2t
∂t
∂th0
¼ 8h
2th0
uðh; h0; ξ; ξh0Þ2
: (A-1)
Correspondingly, the partial derivative of equation 11 with respect
to ξh0 yields
2t
∂t
∂ξh0
¼ − 8h
2ðt2h0 − 4h20∕V2Þ
uðh; h0; ξ; ξh0Þ3
·
∂u
∂ξh0
; (A-2)
where u ¼ Wþ þ sW− according to equation 12, with
Wþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ h0Þ2 − ðξ − ξh0Þ2
q
;
W− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh − h0Þ2 − ðξ − ξh0Þ2
q
; (A-3)
and s ¼ sgnðh2 − h20Þ. Moreover
∂u
∂ξh0
¼ ξ − ξh0
Wþ
þ s ξ − ξh0
W−
¼ s ξ − ξh0
WþW−
u: (A-4)
Substitution in equation 13 provides
th0
dth0
dξh0
− ðt2h0 − 4h20∕V2Þ · s
ξ − ξh0
WþW−
¼ 0; (A-5)
where we have already multiplied the expression by 2tu2∕8h2.
Introducing the abbreviating notations tn0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2h0 − 4h
2
0∕V2
q
and
ϒh0 ¼ th0ðdth0∕dξh0Þ, equation A-5 can be recast into the form
WþW− ¼ s
t2n0
ϒ
ðξ − ξh0Þ: (A-6)
Squaring leads to
½h20 þ h2 − ðξ − ξh0Þ22 − 4h2h20 ¼
t4n0
ϒ2
ðξ − ξh0Þ2; (A-7)
or
ðξ − ξh0Þ4 − ðξ − ξh0Þ2

2h20 þ 2h2 þ
t4n0
ϒ2

þ ðh20 − h2Þ2
¼ 0:
(A-8)
Because equation A-8 is a second-order equation in ðξ − ξh0Þ2,
we find
ðξ − ξh0Þ2 ¼ h20 þ h2 þ
t4n0
2ϒ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h20 þ h2 þ
t4n0
2ϒ2

2
− ðh20 − h2Þ2
s
: (A-9)
Because we know that for h ¼ h0, the midpoint displacement must
satisfy ξ − ξh0 ¼ 0, we can disregard the positive sign in front of the
square root in equation A-9. We thus obtain
ðξ− ξh0Þ2 ¼ h20 þ h2 −
t4n0
2ϒ2
−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h20h
2 þ ðh20 þ h2Þ
t4n0
ϒ2
þ t
8
n0
4ϒ4
s
;
¼ ðh
2
0 − h2Þ2
h20 þ h2 þ
t4n0
2ϒ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h20h
2 − ðh20 þ h2Þ
t4n0
ϒ2 þ
t8n0
4ϒ4
q ;
¼ 4ϒ
2ðh20 − h2Þ2
ϒ2Γ2 − 2t4n0 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16h20h
2ϒ4 þϒ2Γ2t4n0 þ t8n0
q ;
(A-10)
where we have introduced the notation Γ2 ¼ 4ðh20 þ h2Þ. Taking
into account that, according to equation A-6, the sign of ξ − ξh0
is determined by
sgnðξ − ξh0Þ ¼ sgnðh2 − h20ÞsgnðϒÞ; (A-11)
the square root of equation A-10 yields equation 14.
APPENDIX B
TRAVELTIME DERIVATIVES
There are several useful relationships between different types of
traveltime derivatives that can be found from the set of equa-
tions 11–14. On the traveltime curve in the CO section at h, we
have h ¼ Hðξ; tÞ. The derivatives of this equation with respect
to ξ and h provide two important relationships between the param-
eters p ¼ ∂H∕∂ξ and q ¼ ∂H∕∂t and the local event slopes in the
CO section, ϕh, and in the CMP section, ψξ, at the point ðξ; hÞ
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where these sections intersect. The fact that the total derivative ofH
with respect to ξ on the event is identically zero leads to (Coimbra et
al., 2012)
ϕh ¼
dt
dξ

h
¼ − ∂H
∂ξ

∂H
∂t

−1
¼ −p
q
; (B-1)
which relates the traveltime slope ϕh in the CO section at h to p and
q. Correspondingly, from dH∕dh ¼ 1, we find that the traveltime
slope ψξ in the CMP section at midpoint ξ relates to q as
ψξ ¼
dt
dh

ξ
¼ dH∕dh
∂H∕∂t
¼ 1
q
: (B-2)
Equation B-2 means that OCO trajectory tracing provides informa-
tion about the traveltime slope in the CMP direction at every point
of the OCO trajectory. For details, see Coimbra et al. (2012).
Relationships between slopes
Hubral et al. (1996b) find another useful equation for the mid-
point displacement in terms of the derivatives of H. In our notation,
their equation A-29 can be written as
ξh − ξ0 ¼
−ph2
qt − h
¼ ϕhh
2
t − hψξ
; (B-3)
where the second equality is a consequence of equations B-1 and
B-2.
By equating the negative of the right side of equation B-3 with h0
replaced by h to the right side of equation 17, we can isolate the
local event slope ψξ in the CMP section at ξ and express it as a
function of the local event slope ϕh in the CO section at h
ψξ ¼
1
2ht

2t2 − t2n −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t4n þ 4t2ϕ2hh2
q 
: (B-4)
For implementation reasons, small differences are inconvenient.
Therefore, we multiply and divide equation B-4 by 2t2þ
t2n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t4n þ 4t2ϕ2hh2
p
. Using that t2n ¼ t2 − 4h2∕V2, we can simplify
the resulting expression to arrive at
ψξ ¼
2htð4 − ϕ2hV2Þ
V2t2 þ 4h2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16h4 þ 4h2t2V2ðϕ2hV2 − 2Þ þ t4V4
p :
(B-5)
It is instructive to observe that for a horizontal event, i.e., in the case
of ϕh ¼ 0, equation B-5 simplifies considerably to
ψξ ¼
4h
V2t
; (B-6)
which is the theoretical value for a hyperbolic traveltime curve with
velocity V.
Common-shot and common-receiver slopes
Using ξ ¼ ðsþ gÞ∕2 and h ¼ ðg − sÞ∕2, where s and g are the
source and receiver coordinates, we can also find the traveltime
derivatives with respect to s and g as
φs ¼
∂t
∂s
¼ ∂t
∂ξ
∂ξ
∂s
þ ∂t
∂h
∂h
∂s
¼ 1
2

∂t
∂ξ
−
∂t
∂h

¼ ϕh − ψξ
2
;
(B-7)
φg ¼
∂t
∂g
¼ ∂t
∂ξ
∂ξ
∂g
þ ∂t
∂h
∂h
∂g
¼ 1
2

∂t
∂ξ
þ ∂t
∂h

¼ ϕh þ ψξ
2
:
(B-8)
Note that equations B-1, B-2, B-7, and B-8 refer to local event
slopes in different directions in the data space, taken at the same
point with coordinates ðξ; t; hÞ in the data cube.
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